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Abstract 
Existence of degenerate stationary bound states with square integrable radial wave 
functions was proved when second-order equations are used with the effective potential of the 
Reissner-Nordström (RN) field with two event horizons for charged and uncharged fermions,. 
The fermions in such states are localized near event horizons within the ranges from zero to 
several fractions of Compton wave length of fermions versus the values of gravitational and 
electromagnetic coupling constants and the values of angular and orbital momenta ,j l . 
In case of extreme RN fields, absence of stationary bound states of fermions with the 
energies of 2E mc  is shown for solutions of the second-order equation for any value of 
gravitational and electromagnetic coupling constants. 
Existence of the discrete energy spectrum is shown for the naked RN singularity due to 
solution of the second-order equation at definite values of physical parameters. The discrete 
spectrum exists for both charged and uncharged fermions. The naked RN singularity in quantum 
mechanics with the second-order equation for half-spin particles poses no threat to cosmic 
censorship since it is covered with an infinitely large potential barrier.  
Electrically neutral systems of atomic type (RN collapsars with the definite number of 
fermions in degenerate bound states) are proposed to consider as particles of dark matter. 
 
 
 
Keywords: Reissner-Nordström metric, self-conjugate Hamiltonian, Dirac equations, Scrödinger-type 
equations with effective potential, Prüfer transformation, stationary bound states, cosmic censorship, dark matter 
                                                 
*
vpneznamov@vniief.ru 
vpneznamov@mail.ru 
2 
 
1. Introduction 
 Earlier in [1], existence of the degenerate stationary bound state of fermions with binding 
energy 2
bE mc  (where m  is fermion mass, c  is light velocity) was proved for the 
Schwarzschild metric when using self-conjugate second-order equation with the spinor wave 
function. Energies of degenerate stationary bound states of fermions were announced ibidem for 
Reissner-Nordström, Kerr, Kerr-Newman fields.  
 In this paper, we discuss stationary solutions of the second-order equation for fermions in 
the RN field. Initially, we specify one more time the absence of stationary regular solutions of 
the Dirac equation in the RN field. The causes of that are: 
 - square nonintegrability of wave functions in the neighborhood of event horizons (see 
also [2]);  
 - non-fulfillment of one of the conditions of stationary bound state existence of fermions 
in the extreme RN field in the domain outside the single event horizon proved earlier in [3]; 
 - existence of two regular solutions with square integrable wave functions [4] for the 
domain under the event horizon of the extreme RN field and for the case of naked RN 
singularity. 
 The situation qualitatively changes, when using the self-conjugate second-order equation 
with the spinor wave function for fermions: 
 - in the paper, existence of degenerate stationary bound states with appropriate square 
integrable radial wave functions is validated and proved for the RN metric with two event 
horizons for charged and uncharged fermions;  
 - conversely, impossibility of existence of bound states is proved for fermions outside the 
event horizon for the extreme RN field with the single event horizon. The bound state is possible 
under the event horizon in case of like charges of the fermion and the RN field source for the 
fermion energy 2E mc  [5]; 
 - existence of the discrete spectrum of half-spin particles is validated and numerically 
shown for naked RN singularity at definite values of physical parameters; 
 - it is demonstrated in the paper that the field of naked RN singularity in quantum 
mechanics with the second-order equation for fermions poses no threat to the cosmic censorship, 
since the singularity is covered with the infinitely large potential barrier. This conclusion 
confirms the results of [6], obtained in quantum mechanics of spinless particles for a number of 
time-like naked singularities (for the Reissner-Nordström metric included).   
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 The paper is arranged as follows. In section 2, the self-conjugate Dirac Hamiltonian is 
obtained in the RN field with the plane scalar product of wave functions, the variables are 
separated, the asymptotic form of radial wave functions is explored, the existence of non-regular 
stationary solutions is found out. In case of asymptotics at 0r , existence of two square 
integrable solutions of Dirac equation is found out according to [4]. 
 Section 3 is dedicated to the self-conjugate second-order equation with the spinor wave 
function. The wave functions of the equation are square integrable in the neighborhood of event 
horizons and allow one to specify a physically acceptable choice of one of two regular solutions 
at 0r . The singularities of effective potentials testify to the possibility of existence of bound 
states of fermions both in case of existence of two event horizons and in case of RN naked 
singularity. Conversely, in this case, absence of the potential well for the extreme RN field 
testifies to the absence of bound states of fermions 
2E mc . In section 4, the second-order 
equation with the effective potential after Prüfer transformation [7] - [10] and introduction of the 
phase function is presented as a system of first-order non-linear differential equations. 
In section 5, the results are presented for numerical calculations with discussion of their 
performance procedure in the neighborhood of singular points , 0r r   and r r , where r  
are radii of external and internal event horizons of the RN field. In section 6, absence of threat to 
the cosmic censorship is found out in quantum mechanics of fermion motion in the RN field of 
naked singularity. In section 7, electrically neutral atomic systems with fermions in degenerate 
bound states are proposed as particles of dark matter. In Conclusions, basic results are presented 
and discussed. Appendixes A, B, present the procedure for obtaining and the explicit form of 
effective potentials of the second-order equation in the RN field.  
2. Dirac equation in the Reissner-Nordström field 
In the paper, we will generally use the system of units 1c  , the signature of the 
metric of plane space-time is chosen to be 
  diag 1, 1, 1, 1 .       (1) 
In (1) and below, the underlined indexes are local.  
The indexes with Greek letters assume the values of 0,1,2,3; the indexes with Latin 
letters assume the values of 1,2,3 . The standard rule is used for summation over repeated 
indexes. 
2.1 Reissner-Nordström metric  
The static RN metric is characterized by a point source of mass M  and charge Q  
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where r  are radii of external and internal event horizons 
 
2
20 0 .
2 4
Q
r r
r r     (4) 
2. The case of 
2 2
0 4 Qr r  соrresponds to the extreme RN field with the single event 
horizon 
0 2r r   
 
3. The case of 
2 2
0 4 Qr r  corresponds to the naked singularity. In this case, 0R Nf   . 
2.2 Self-conjugate Hamiltonian 
The algorithms for obtaining self-conjugate Dirac Hamiltonians in external gravitational 
fields by methods of pseudo-Hermitian quantum mechanics are presented in [11] - [13].  
The Dirac equations in the Hamiltonian form for the half-spin particle of mass m  and 
charge q  in the RN field have the form of 
 
 
 
,
, ,
t
i H t
t

 

 

r
r  (5) 
H H 
  is the self-conjugate Hamiltonian with the plane scalar product of the wave functions.  
For diagonal metric tensors g  , the Hamiltonian H  is easy to derive from the equality 
obtained in [13]: 
  , 2,red redH H H    (6) 
 0 0 0
00 00
.kred k
m i
H qA
g g x
  

  

 (7) 
In (7) , summation over 1,2,3k   is implied.  
In equalities (5) - (7), the following denotations are taken. The sign “+” stands for 
Hermitian conjugacy. The sign “~” above the values means that they have been obtained by 
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using tetrad vectors in Schwinger gauge [14]. 
0A Q r  is the scalar electromagnetic potential 
for the RN metric.  0,1,2,3    are Dirac matrices  with world indices. The values of 
relate to matrices of 

  through tetrad vectors in Schwinger gauge  H    . The non-zero 
tetrad vectors in Schwinger gauge for the RN metric are  
    
1 10 1 2 1 3
0 1 2 3; ; ; sin .R N R NH f H f H r H r 
 
       (8) 
Taking into account (6) - (8), the following expression can be obtained for the self-conjugate 
Hamiltonian H H 
  in spherical coordinates  , ,r   : 
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 (9) 
In (9), 
0 , k   are Dirac matrices with local indexes. 
The expression in Hamiltonian (9), contained in square brackets, depends only on angular 
coordinates, the rest of the summands depend on the radial coordinate alone.  
2.3 Separation of variables 
 For separation of variables, let us present the bispinor  ,t r  as 
  
   
   3
, , ,
im iEt
F r
r t e e
iG r


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 (10) 
and use the Brill –Wheeler equation [15] 
    2 1
1 1
ctg
2 sin
i m i      
 
   
       
. (11) 
In order to use the equation, it is convenient to perform the equivalent substitution of  
matrices in Hamiltonian (9):  
 
1 3 3 2 2 1, ,         (12) 
In equalities (10), (11):     are spherical harmonics for a half-spin, k  are two-
dimensional Pauli matrices, E  is the energy of the Dirac particle, , 1,...m j j j      is the 
azimuthal component of angular momentum j ,   is the quantum number of the Dirac equation: 
 
 1 , 1 2,
1, 2,...
, 1 2,
l j l
l j l

   
  
 
 (13) 
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,j l  are quantum numbers of the total angular and orbital momenta of Dirac particles.     can 
be presented as [16] 
 
 
 
 
 
 
 
   
 
1 2 1 2
1 2
1 2
1 2
! cos 2 sin 21
1
sin 2 cos 24 !
1 2
.
jm m
jm
m
l
m
l
Y j m
j mY
m P
P
 






  
 
 
 

 


    
          
  
 
 
 
 (14) 
In (14) , the expression after the square root in the parentheses is a two-dimensional matrix, 
 1 2mlP
 

 are associated Legendre polynomials. 
As the result of separation of variables, we obtain the equations for the radial functions of 
   ,F G  : 
 
   
 
   
2
2
1
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1
0.
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R N R N
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 
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   
            
 (15) 
In (15), the dimensionless variables are introduced: 
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 (16) 
Here, cl mc  is the Compton wave length of a Dirac particle; 
 5 192.2 10 g 1.2 10PM c G GeV     is the Planck mass; 
2 1 137fs e c    is the 
electromagnetic constant of the fine structure; , em   are gravitational and electromagnetic 
coupling constants; 
Q  is the dimensionless constant, characterizing the source of the 
electromagnetic field in the RN metric. 
 In denotations of (16), 
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1 .
Q
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 
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In case of availability of external and internal event horizons: 
2 2
Q   and 
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where  
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 2 2 .Q        (19) 
 For the extreme RN field: 
2 2 ,Q         and  
 
 
2
2
.R Nf
 



  (20) 
The case of naked RN singularity is implemented at 
2 2
Q  . 
2.4 Asymptotics of radial wave functions 
2.4.1 Presence of event horizons  2 2, Q       
 At    , the leading terms of the asymptotics are (see, for instance, [17], [18]) 
 
   
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,
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  
  
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  

 (21) 
In (21)    1 2,     are power functions of  . To ensure the finite motion of Dirac particles, 
it is necessary to use only exponentially decreasing solutions (21), i.e., in this case, 2 0C  .  
 At 0   in [4], existence of two square integrable solutions of the Dirac equation with 
the roots of the indicial equation 1 20, 2s s   was proved for functions    f F   ,
   g G    . In this case, it is impossible to formulate the boundary problem for obtaining 
stationary solutions of the Dirac equation corresponding to bound states of fermions. 
 At    , let us present the functions    ,F G   as  
 
     
     
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The indicial equation for system (15) leads to the solution of 
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 At   , let us present    ,F G   as 
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In this case, the indicial equation for system (15) leads to the solution of 
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2
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  (25) 
It is seen from (23), (25) that the oscillating parts of solutions (22), (24) disappear at fermion 
energies of em   . 
 Formally, the solutions of em    are the unique solutions of equations (15).  
However, these solutions are non-physical due to the logarithmic divergence of the 
normalization integral  
  * * 2DN F F G G d     (26) 
near the event horizons. 
 As the result, as well as the authors in [2], we arrive at the conclusion of absence of 
solutions to the Dirac equation corresponding to stationary bound states of fermions in the 
presence of event horizons in the Reissner-Nordström metric.  
2.4.2 Extreme RN field  2 2, Q         
 For the domain outside the event horizon    in [3], three conditions are specified, at 
fulfillment of which existence of stationary bound states of fermions is possible: 
 ,em     (27) 
 
2 2 2 1 4,em       (28) 
 
2 2 2 2 2 0.em emn             (29) 
In (29), n  is a positive integer. 
Since 1  and em  , the condition for the extreme RN field is not fulfilled. For the 
domain under the event horizon 0    , as well as in previous section 2.4.1, there is no 
possibility to formulate the problem for obtaining stationary solutions of the Dirac equation. 
2.4.3 Naked RN singularity  2 2Q   
 At   , asymptotics (21) is valid. At 0  , as well as in sections 2.4.1, 2.4.2, the 
problem of existence of two square integrable solutions of the Dirac equation persists.  
 So, absence of stationary solutions of the Dirac equation corresponding to bound fermion 
states in the RN field is shown in general. In presence of two event horizons, absence of 
stationary regular solutions is conditioned by square non-integrability of wave functions, which 
agrees with the conclusions of [2]. For the extreme RN field, absence of stationary bound states 
of fermions outside the event horizon is associated with non-fulfillment of condition (29) [3]. For 
the extreme RN field, there is no possibility in the domain under the event horizon to formulate 
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the problem of determining stationary solutions to the Dirac equation due to presence of two 
square integrable solutions for radial wave functions [4]. The similar problem exists in case of 
naked RN singularity.  
 The situation qualitatively changes when using second-order equations with a spinor 
wave function for fermions.  
3. Second-order equation for fermions in the Reissner-Nordström field 
 Obtaining the second-order equation involves three stages: 
1. obtaining the self-conjugate Hamiltonian or the self-conjugate Dirac equation, 
2. transition from bispinor to spinor wave functions in the second-order equation, 
3. non-unitary similarity transformation to ensure self-conjugacy of the second-order 
equation with spinor wave functions. 
 The procedure for obtaining the second-order equation for fermions in the Reissner-
Nordström field is presented in Appendix A. The equations for radial functions    ,F G     
have the form of the Schrödinger equation with effective potentials    ,F Geff effU U  , non-
linearly depending on energy    
 
 
    
2
2
2 0,
F F
Schr eff F
d
E U
d
 
  

     (30) 
 
 
    
2
2
2 0.
G G
Schr eff G
d
E U
d
 
  

     (31) 
In (30), (31) 
  2
1
1 ,
2
SchrE     (32) 
       ,F Fg F      (33) 
      .G Gg G      (34) 
The explicit form of  effU   and  g   is presented in Appendixes A, B.  
Equations (30), (31) transform into each other at , , em em        . It 
follows therefrom that equations (30), (31) describe the motion of particles and antiparticles. In 
this paper, equation (30) for function  F   with the effective potential 
F
effU  is used for 
particles. The non-relativistic limit of the Dirac equation with lower spinor, disappearing at zero 
momentum of particle  0p  and proportional to  G  , can serve as the basis for it. Similarly, 
the lower spinor with function  G   disappears for the particle in case of Foldy-Wouthuysen 
transformation with any value p  [19]. Conversely, the upper spinor of the Dirac bispinor wave 
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function, proportional to  F  , disappears for the antiparticle within the non-relativistic limit 
0p  and in case of Foldy-Wouthuysen transformation with any value p . 
3.1.Stationary solutions of RN   
Here and below,
 RN
 are stationary solutions of second-order equation (30) 
,RN em em       in presence of two event horizons (see (23), (25)) and RN em    in 
case of the extreme RN field (see (27)). 
3.1.1 Singularities of effective potentials at RN   
At   , 
    2 2
1
1 2 .F emeff RN RN RNU
 
  
  
 
    
 
 (35) 
In presence of two event horizons ,   , 
 
 
2 3
2
3 1 1
,
32
F em
effU
 


    

  
  
     
    
 (36) 
 
 
2 3
2
3 1 1
.
32
F em
effU
 


    

  
  
     
    
 (37) 
For the extreme RN field  2 2, Q        , 
 
 
24
4 3
1
,
2
F em em
effU
 
  
 
    
    
               
 (38) 
 
 
 2 2 22
1 1 1
.
42
F em
eff emU
 

   
   
    
                 
 (39) 
 Asymptotics (36), (37) represent inverse square potential wells with coefficient 
3 32 1 8K   , which testifies to the possibility of existence of stationary bound states of 
quantum mechanical half-spin particles (see, for instance, [20]). 
 For the extreme RN field, the condition of existence of a potential well and the condition 
of existence of stationary bound states of Dirac particles  1 8K  therein can be written from 
asymptotics (39) as 
 
2 2 20 1 4.em       (40) 
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Since for bound states 1 1em       and the constant of separation is 1   (see (13)), 
condition (40) is not met at any admissible values of , , em   . Even at this stage, we can say that 
stationary bound states of fermions with energies 1   do not exist in the extreme RN field.  
 In case of 0   for any values  , 
 
20
3 1
.
8
F
effU   
 
  
 
 (41) 
The asymptotics (41) represents an infinitely large repulsive barrier. 
3.1.2 Square integrability of radial wave functions. 
Asymptotics of function  ,F    
3.1.2.1 At   , taking into account also Fg     (see Appendixes A, B) 
 .F F      (42) 
For the finite motion of half-spin particles, taking into account (21),  
  
21
1 1 .F C e
 

     

  (43) 
3.1.2.2  In presence of two event horizons, let us present the function of  ,F RN    in 
the following form: 
at    
 
 
0
;
s kem
F k
k
 

      




 
 
 
    
 
  (44) 
at    
 
 
0
.
s kem
F k
k
 

      




 
 
 
    
 
  (45) 
From (30), taking into account (44), (45), (36), (37) the indicial equation of 
  1 3 16 0s s     (46) 
with the solutions of 1 23 4, 1 4s s   follows. 
 Both the solutions lead to regular square integrable solutions for the wave function 
 ,F RN   . For the unambiguous choice of the solution, let us turn to asymptotics (22), (24) for 
the radial function of the Dirac equation  F   and to transformation (33) with 
3
4~Fg    
  (see Appendixes A, B). We obtain  
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1 4
3 ,
em
F C
 

   



 
 
   
 
 (47) 
 
1 4
4 .
em
F C
 

   



 
 
   
 
 (48) 
 The asymptotics (47), (48) correspond to the solution of indicial equation (46) of  
2 1 4s  . Below, we will use the solutions of equation (30) with asymptotics (47), (48) as 
eigenfunctions of stationary bound states of fermions with eigenvalues RN em   . These 
solutions are square integrable in the neighborhood of event horizons. Note that wave functions 
(47), (48) on the event horizons  ,    are zero. 
3.1.2.3  At 0  , for any value of   , let us present function  ,F    as 
    0
0
0
.s kF k
k

    


   (49) 
From (30), taking into account (49), (41) the indicial equation has the form of 
  1 3 4 0.s s     (50) 
with the solutions of 1 23 2, 1 2s s   . 
 We reject the solution with 2s , since it leads to absence of square integrability of 
 ,F    in the neighborhood of 0  . 
 As the result, we have 
   3 250 .F C     (51) 
So, we have found out the unambiguous asymptotic behavior of the wave functions of 
second-order equation (30) in presence of two event horizons ,       0, , ,        
and for naked singularity  0,  . Likewise, we can find out the asymptotics of wave 
functions in case of the extreme RN field  2 2; Q        . However, we do not need it 
for our purposes, since we have shown above the absence of stationary bound states of fermions 
with 1   for this case on both sides of the single event horizon.  
3.1.3 Domain of radial wave functions  ,F    
For the naked RN singularity, the following domain is the domain of radial wave 
functions 
  0, .    (52) 
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In presence of two event horizons, we can split domain (52) into the three domains of:  
  , ,     (53) 
  , ,      (54) 
  0, .    (55) 
Domains (53), (54) and domains (54), (55) are separated from each other by infinitely deep 
potential wells of 
 
2
3 1
~
32  


 (see (36), (37)). The wave functions on the event horizon are 
zero (see (47), (48)). In domains (53), (55), the effective potential of  FeffU   and radial wave 
function  F   are real. In domain (54), between event horizons, these values become 
complex. Below, we will examine domains (53), (55). For these domains, regular real square 
integrable radial wave functions of  ,F RN   , vanishing at    or   , correspond to 
the solutions of the second-order equations ,em em        . 
We will demonstrate this in section 4 by numerical solutions of second-order equation 
(30). 
3.2 Impenetrable potential barriers 
 Effective potential (A.22), at some 
cl 
  ,can have singularities of the following form  
 
2
2
2
1
~ .
2
1
cl
F
eff
Qem
U
 
 

  
  
    
 
 
 (56) 
 These singularities can be contained in the second summand (A.22), equal to 
2
2
3 1
8
dB
B d
 
 
 
 (see Appendix A). 
 The radii 
cl
 , at which the expression in the denominator (56) is zero, are determined by 
equalities of 
 
    2 2 2 2
2
1
.
1
em em Q em
cl
        



     


 (57) 
Asymptotic (56), taking into account (57), can be presented as  
 
 
2
3 1
.
8cl
F
eff
clcl
U
    
  
 
  
   
 (58) 
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
 FeffU 
Such potential barriers are known to be impenetrable [21]
2
 
 The potential well necessary for emergence of bound states with 1 1n    is absent at 
existence of at least one singularity (58) in effective potential  FeffU  . Fig. 1 presents 
characteristic curves of  FeffU   with one or two singularities.  
 
 
 
 
 
 
 
 
 
 
 
    a)      б) 
Fig. 1. The curves of  FeffU   in the RN field of naked singularity at  
а) 0.25; 0.5; 1; 1; 0.9; 0.535Q em cl     
      ; 
b) 0,25; 0,5; 0,45; 1; 0; 0,125; 0,375Q em cl cl      
         . 
 Then, let us consider the conditions of singularity emergence (58) in presence of two 
event horizons and in case of naked RN singularity.  
3.2.1Availability of two event horizons  2 2, Q      ; domains of wave functions: 
   , , 0,        
 Firstly, the expression  
 
  
2
em
   

 
     (59) 
can be equal to zero at 0, 0em    and   . In this case, no new singularity 
F
effU  appears. 
As before, 
    
 
2
3 1
32
F
effU     
 

 (see (36), (37)). 
                                                 
2
 Note that the authors [21] used the Schrödinger-type equation (30) without factor 2. In our case, barrier 
 
2
clK  
  is impenetrable if 3 8K  . 
 

 FeffU 
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Secondly, let us consider the possibility of vanishing for expression (59) at em   . 
 
  
2
.cl cl em clem
cl cl cl
      
 
   
  

   
    
 
 (60) 
 For domain  ,   , we look for existence of cl  . It follows from the positivity 
of the left part of equality (60) that it is possible only at 0em   and 1 0   . For the domain 
of  0,  , a possible value of cl  should be lower than  . It is possible from equality (60) 
only at 0em   and 0 1  . It is possible to show from equality (60) that inequalities of
cl   and cl   are not fulfilled for both the domains of the wave functions. So, to solve 
em    for bound states of 1 1    , expression (56) is non-singular and there are no 
impenetrable barriers of form (58). 
3.2.2 Naked RN singularity  2 2Q  ; domain of wave functions:  0,   
 As above, we consider the conditions of  existence cl  for bound states with energies 
within the range of 1 1   . 
From the positivity of 
2
2
2
1
Q
 
   , the equality of the denominator to zero in (56) is 
possible only at  
   0.em     (61) 
Inequality (61) for 
cl 
  can be presented in the following view.  
In the case 0em   (like charges of the field source of naked RN singularity and the 
fermion):  
   1 at 0 1,em cl   
     (62) 
   1 at 1 0.em cl   
      (63) 
Inequality (63) is fulfilled at any value of 0em   and 1  . 
In the case 0em   (opposite charges of the field source of the naked RN singularity and 
the fermion):  
 1 at 1 0.cl
em

 

      (64) 
For the range of 0 1   and 0em  , inequality (61) is not fulfilled and there are no 
singularities like (58). 
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The positivity condition of the radical expression of 0N   in (57) can be presented as  
 
2 2 2 2 22 0.Q em Q emN              (65) 
The discriminant of the trinomial (65) is   2 2 2 24 em Q QD       . 
The condition (65) is fulfilled if 0D  , i.е. 
2 2
em Q  ; condition (65) is partially fulfilled, 
if 0D   and 
2 2
em Q  . In this case, the roots of trinomial (65) are 
 
  2 2 2 2
2
.
em Q em Q
Q
    



  
   (66) 
Condition (65) is met at 0D  , if  ,    . 
As the result, the analysis of singularity existence of type (58) is reduced to fulfillment of 
the three inequalities: 
   0; 0; 0.em cl cl N          (67) 
The results of the analysis are presented in Table 1. 
Table1. Conditions of existence of impenetrable barriers and bound states of fermions in the field 
of naked RN singularity 
Ranges of em  and   Conditions cl

 cl
  
0,
0 1
em


 
 
 min ,em em      
2 2
em Q     
  
 2 2 at ,em Q            
 2 2 at ,em Q            
em    
2 2
em Q     
  
2 2
em Q   
    
em    without conditions     
0,
0
em



  
2 2 2
em Q        
2 2 2 2
Q em Q           
2 2 2
em Q     
    
0,
1 0
em


  
  
2 2
em Q     
  
 2 2 at ,em Q            
 2 2 at ,em Q            
0,
0 1
em


 
  without conditions     
0,
1 0
em


  
 
em    without conditions 
    
em    
2 2
em Q     
  
 2 2 at ,em Q            
 2 2 at ,em Q            
 
 So, it follows from the analysis that the existence of stationary bound states of fermions 
in the field of naked RN singularity is possible at definite values of physical parameters. Let us 
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note that at 0em   (opposite charges) and em   , the parameters of the RN metric cannot 
provide for existence of tightly coupled stationary states of fermions with 1 0   . 
4. Prüfer transformation and asymptotic of functions  
For numerical solution of the second-order equation, let us apply the Prüfer 
transformation [7] - [10] to equation (30) with the effective potential of  FeffU   
 
     
 
   
sin ,
cos .
F
F
P
d
P
d
   
 
 

 
 
 (68) 
Then, 
  
 
 tgFF
d
d
 
  

   (69) 
And we can write equation (30) as the system of first-order non-linear differential equations  
  2 2cos 2 sin ,FSchr eff
d
E U
d

     (70) 
   ln 1 2 sin cos .FSchr eff
d P
E U
d
      (71) 
Note, that the equation (71) should be solved upon determination of eigenvalues n  and 
eigenfunctions  n   from equation (70). 
4.1 Asymptotics of functions    , P   
4.1.1 For bound states at   , taking into account (43), (69), we obtain that  
 
2
2
1
tg ,
1
1
arctg .
1
k







  

   

 (72) 
For exponentially increasing solutions in asymptotics (21), 2 0C   and, taking into account (42), 
(69), we have 
 
2
2
1
tg ,
1
1
arctg .
1
k







 

  

 (73) 
In (72), (73) 0, 1, 2,...k     
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4.1.2 Let us first examine the case of   in presence of two event horizons. 
Let 
 .k A
 
  


     (74) 
Then, sin ; cos 1A
   
 
 
 
     . 
It follows from the consistency (74) with equation (70), taking into account the leading 
singularity, that 
 
2
3 1
32
F em
effU
 


  

 
 
   
 
 (see (36)) 
 
231
16
A A   (75) 
with the solutions of 1 24; 4 3A A  . Then, let us integrate equation (71) at   , taking 
into account the leading singularity of effective potential (36). As the result, 
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 The comparison with (47) shows that solutions (74), (76), (77) with the solution of 
equation (75) 1 4A   and 3 64C C  are acceptable for our consideration.  
 The similar examination at    leads to the following physically acceptable 
asymptotics for    and  P   
 4 ,k
 
  


      (78) 
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
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
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
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 
   
 
 (80) 
4.1.3 Let us consider the asymptotics of    ,P   at 0  . 
Let 
 
0
.k B

 

    (81) 
Then, from the equation (70), taking into account the leading singularity of (41) 
20
3 1
8
F
effU  
 , 
we obtain the following equation  
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4
B B   (82) 
with the solutions of 1 22 3; 2B B   . 
 Upon integration (71) at 0  , taking into the leading singularity (41) , we obtain that 
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The comparison with (51) shows that solutions (81), (83), (84) with the solution of equation (82)
1 2 3B   and with  5 72 3C C  are physically acceptable. 
5. Numerical method of solving equations for phase functions. General properties of 
phase functions 
 In this paper, we use the following numerical method for solving equation (70).  
 For the permitted set of values of 1 1    , we numerically solve the Cauchy problem 
with the specified initial condition. To solve the Cauchy problem, we use the fifth-order Runge-
Kutta implicit method with step control (the Ehle scheme of the Radau II A three-stage method 
[22]). 
 Determining the spectrum of n  and eigenfunctions of  n   by the solution (70) and 
integrating equation (71), one can determine functions of  nP   and wave functions    F n  , 
taking into account (68). Then we can determine the probability density of fermion detection in 
the state with n  at the distance   in the spherical layer d  
      2 2sinn nw P     (85) 
and detection probability of bound fermions within the range of  0,   
      
0
2 2sin .n nW P d


        (86) 
In presence of two event horizons, the energy of bound states is determined by equalities 
of em   . In this case, only eigenvalues of function    F n   (68), probability density 
(85) and integral probabilities (86) are determined numerically. 
 The wave functions    F n   should satisfy asymptotics (43), (77) with 1 4A  , (80) 
with 1 4A   , (84) with 1 2 3B  . 
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 When solving the equation (70), it is necessary to keep in mind the existence of three 
irregular singular points: 0, ,        . The numerical calculations started and ended in 
the  -neighborhood of irregular singular points 0, ,         with 
810   with good 
convergence of the results. The choice of the maximal value of max  in the calculations with 
simulation of    was determined by fulfillment of conditions (72), (73) within the specified 
accuracy of 710 . 
 Below, we will use the function of    
max
max,  
  

   for the case of naked RN 
singularity while determining the spectrum n . Here, max  is the maximal distance in numerical 
calculations. As a rule, the value of 7
max 10   ensures good convergence of the results.  
 The numerical calculations have shown availability of the following essential properties 
of the function  min,   (similar properties of the function   for simpler potentials, not 
depending on  , were rigorously proved in [8] - [10]). 
1. Function  max,   is   monotonous. 
2. In case of existence of bound states with 1 1   , the behavior of  max,   
is stepwise. Upon achieving the eigenvalue of n , the function of  max,   varies stepwise 
by   
    0 max max
0
, , .n n
      
 
         (87) 
3. In case of absence of bound states, the variations in the function of  max,   is less 
than the value   within the entire range of 1 1   . 
5.1 Availability of two event horizons 
2 2, ; Q      . Domain of wave functions 
 ,    
 In this case, the m  -degenerate solution (36) exists: em   . For the bound states, 
1 1   , therefore em      . The solution of em    involves states with like and 
opposite charges of the RN field source and the fermion. The case of 0, 0em    corresponds 
to an uncharged half-spin particle. 
 When determining wave functions with the known eigenfvalue of em   , equation 
(70) is integrated from the right to the left (from max   with boundary conditions (72) to  
   with asymptotics (74) and with solution of equation (75) 1 4A  )). 
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Fig. 2 presents the family of integral curves of equation (70) near the event horizon  , 
being the irregular singular point of this equation. The separatrices (red curves), corresponding to 
asymptotics (74) - (77), are shown with 1 4A   and 2 4 3A  . Two separatrices begin at  ,0 . 
In the neighborhood of event horizon  , choice of the “physical” separatrix with 1 4A   is 
realized in the calculations while integrating (70) from the “right to the left”. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2.The integral curves of      in the neighborhood of  . 
5.1.1 Determining the boundaries of physical acceptability of the solution 
em    and calculated results 
 Solution 0   at 0em   is formally valid for any value of a gravitational coupling 
constant  . However, in order to achieve such a strong coupling of 1b   , the values of 
min   are needed, as well as in case of the Schwarzschild field [1]. For instance, the energy of 
a bound electron 0e   in the Coulomb field of the nucleus with the number of protons Z  in the 
1
2
1S  state is achieved at the value of the electromagnetic coupling constant of 
 137 1.06 140fsZ Z Z   . For the states of 1 22S  and 1 23S , the similar values are 
1.42fsZ  and 1.9  [23]. 
 In [1] , it is determined for the Schwarzschild field that 
 min ~ 0,25.   (88) 
  
Lower separatrix 
 4 3       
Upper separatrix 
 4      
Lower separatrix 
 4 3      

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Hereafter, the symbol of “~ ” stands for min 0.25  , but always min 0.25  . 
 At 0, 0Q em    , the RN field transforms into the Schwarzschild field. The maximal 
value of 
max
Q   in presence of event horizons corresponds to the extreme RN field. Since 
there are no stationary bound states of fermions for the extreme RN field, in our denotations,  
 
max
min ~ .Q    (89) 
 For bound states of 1 1    and for solutions of em    , the following condition 
should be met 
 ~ .em    (90) 
 In Table 2, for solution 
min min0, 0.251, 0, 0.5, 0.9Q       and for different 
values of ,j l , the computed distances m  from the maxima of probability densities to the event 
horizons of   are presented. Fig. 3 presents normalized probability densities (85) and integral 
probabilities (86) for  1 1 2, 0j l     . Table 3 presents the values of m  versus em  for 
min 0.251  . 
Table 2. The values of m  for min min0, 0.251, 0, 0.5, 0.9Q       versus  ,j l . 
 minQ   0  0.5  0.9  
m  
 1 1 2, 0j l      0.043  0.04  0.023  
 1 1 2, 1j l      0.023  0.021 0.012  
   0.502  0.4684  0.3604  
Table 3. The values of m  for min min0.251, 0.5, 0.4684Q       versus em  and  ,j l . 
 ,j l

 
 
1
1 2, 0

 
 
1
1 2, 1

 
em
m



 
0.4679 0.2342 0 0.2342 0.4679
0.999 0.5 0 0.5 0.999
0.059 0.045 0,04 0.033 0.02
   
     
0.4679 0.2342 0 0.2342 0.4679
0.999 0.5 0 0.5 0.999
0.016 0.018 0.021 0.026 0.037
   
     
 ,j l

 
 
2
3 2, 1

 
 
2
3 2, 2

 
em
m



 
0.4679 0.2342 0 0.2342 0.4679
0.999 0.5 0 0.5 0.999
0.0097 0.0089 0.008 0.0069 0.0057
   
     
0.4679 0.2342 0 0.2342 0.4679
0.999 0.5 0 0.5 0.999
0.0052 0.0057 0.0063 0.0072 0.0084
   
     
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а) 
 
 
 
 
 
 
 
 
 
 
 
b) 
Fig. 3. The curves: а)  w   , b)  W    for bound states with 
 min0, 0.251, 1 1 2, 0j l         for values of min 0; 0.5;0.9Q   . 
 The calculations show that the localization of particles near the event horizons of  , as 
distinct from the electronic structure of atoms in the periodic table, increases with increase in 
,j l . The data of Tables 2, 3, and Fig.3 show that localization of particles near   increases with 
increase in 
Q . For the states of  1 2 0j l    , the maximal values of m  at 0em   are 
achieved at max~ em  . For opposite charges of the RN field source and the fermion  0em   , 
the minimal values of m  are achieved at the minimal admissible value of 
min ~em  . 
 w  
 
 W  
 
 
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Conversely, for the states of  1 2 0j l    , the maximal values of m  are achieved at
max ~em  , and the minimal values are achieved at 
max ~em  . 
 The solution of em    can be implemented only at definite ratios between masses 
and charges of the RN field source and the fermion.  
1. We assume that PM M  
2. For existence of event horizons, 
Q k  , where 0 1k   
3. For simplicity, we consider the ratio of masses of 210m M  . In this case, motion of 
fermions can be described relative to the RN field source at rest. For large masses of fermions, 
the motion of the RN field source should be taken into account, that is a complicate and 
cumbersome problem in the curved space-time (see, for instance [24]). 
4. Existence of the limiting value of 
max
~ em   leads to additional limitations of 
m M  and q e  relations. From equality (16), we obtain 
2
2
P P P
m M m M
M M M M
   ; 
Q
fs
P em
m m q
M M e

 

  . The limiting value is  
max
21 1 ~ emk      . Here, 
Qk    and 0 1k  . Then, 
 
 
22
2
2lim
1
1 1
fsk q em
M
k


 
 
   
. 
5.2 Availability of two even horizons 
2 2, ; Q      . Domains of  0,   
 In this case, there exists the m  -degenerate solution of em   . For bound states, 
1 1   , therefore, em      . The solution of em    includes states with like and 
opposite charges of the RN field source and the fermion. The case of 0, 0em    соrresponds 
to an uncharged Dirac particle. 
 Fig. 4 presents integral curves of equation (70) in the neighborhood of the irregular 
singular point   . One can see separatrices (red curves) corresponding to asymptotics (78) -
(80) with 1 4A    и 2 4 3A   .One of the separatrices, beginning at  ,0 , соrresponds to the 
physically acceptable asymptotics with 1 4A   . The integral curves of      are   -
periodic with period  . 
 Fig. 5 presents integral curves of equation (70) in the neighborhood of the irregular 
singular point 0  . One can see separatrices (red curves), one of which corresponds to 
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
  
Upper separatrix 
 4 3       
Lower separatrix 
 4       
Upper separatrix 
 4 3      
 
physically acceptable asymptotics (81) - (84) with solution of equation (82) 1 2 3B  . The 
integral curves of    are   -periodic with period  . 
While integrating (70) from left to right (from 
810   tо 8_ 10 
  ), there was  a 
correct choice of asymptotics       , , FP     in the calculations both in the neighborhood 
of 0   and in the neighborhood of _  . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.4. Integral curves of     in the neighborhood of  . 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 5. Integral   curves in the neighborhood of 0  . 

 Upper separatrix 
2 3   
Lower separatrix 
2    
Upper separatrix 
2 3      
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5.2.1 Physical acceptability range of solution em   and computed results 
 The solution of 0   at 0em   is formally valid for any value of the gravitational 
coupling constant  . We will restrict ourselves to consideration of less exotic systems with the 
event horizon 1  , i.е. with the radii of the internal event horizon larger or comparable with 
the Compton wave length of fermion cl . From inequality of  21 1 1k      , automatic 
restrictions by the value  and the ratio of  0 1Qk k     arise. 
 Table 4 presents distances m  from maxima of probability densities to the event horizon 
of  , obtained from the calculations, for solution of 0  , for 0.909; 10; 5.832      
and for different ,j l . Fig. 6 presents the normalization probability densities (85) and integral 
probabilities (86) for some values of ,j l  and with the parameters of Table 4. 
 The range of values of the electromagnetic coupling constant em  for the solution of 
em    is determined by the range of fermion energy for bound states of 1 1   . The 
maximal value of 
max
em  is 
max
~ em  . Table 5 presents the values of m  versus variations in 
admissible values of em  for 10; 9.09Q    and for various ,j l  values. 
Table 4. The values of m  for 0; 0.909; 10; 5.832        versus   (or ,j l ). 
 ,j l

 
 
1
1 2, 0j l

 
 
 
1
1 2, 1j l

 
 
 
2
3 2, 1j l

 
 
 
2
3 2, 2j l

 
 
 
3
5 2, 2j l

 
 
 
3
5 2, 3j l

 
 
m  0.0152  0.0151 0.014  0.0138  0.0123  0.0121 
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Table 5. The values of m  for 10; 9.09; 5.832Q      and various   versus 
admissible em  values. 
  1  1  
em

 
5.832 2.916 0 2.916 5.832
1 0.5 0 0.5 1
 
   
 
5.832 2.916 0 2.916 5.832
1 0.5 0 0.5 1
 
   
 
m  0.0155 0.0154 0.0152 0.01514 0.0151 0.0149 0.015 0.0151 0.0152 0.0154  
  2  2  
em

 
5.832 2.916 0 2.916 5.832
1 0.5 0 0.5 1
 
   
 
5.832 2.916 0 2.916 5.832
1 0.5 0 0.5 1
 
   
 
m  0.0145 0.0142 0.014 0.0139 0.0137  0.0135 0.0137 0.0138 0.014 0.0142  
  3  3  
em

 
5.832 2.916 0 2.916 5.832
1 0.5 0 0.5 1
 
   
 
5.832 2.916 0 2.916 5.832
1 0.5 0 0.5 1
 
   
 
m  0.0129 0.0126 0.0123 0.0121 0.012  0.0117 0.0119 0.0121 0.0124 0.0126  
 The calculations show that the bound fermions are near the internal neighborhood of 
event horizon  , with the overwhelming probability. The localization of fermions increases 
with increase in ,j l . 
 The data of Table 5 show that the maximal values of m  at 0em   for the states of 
 1 2 0j l     are achieved at the values of max~ em  . For opposite charges of the RN field 
source and the fermion  0em  , the minimal values of m  are achieved at the minimally 
admissible value of min ~em  . Inversely, the maximal values of m  for the states of 
 1 2 0j l     are achieved at min ~em  , and the minimal values are achieved at  
max~ em  . 
 As well as in previous section 5.1, the solution of em    is possible only at definite 
ratios between masses and charges of the RN field source and the fermion. As before, we assume 
that ;P QM M k   , where 0 1k  , 
210m M  , 
 
 
22
2
2lim
1
1 1
fsk q em
M
k


 
 
   
. We must also 
use the limiting value of 1  . 
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а) 
 
 
 
 
 
 
 
 
 
 
b) 
Fig. 6. The curves: а)  w    , b)  W   
3
 for bound states with 0  ; 
10; 0.909; 5.832; 1, 2, 3Q          . 
5.3 Extreme Reissner-Nordström field  2 2; Q        . Domain of wave 
functions:    0, , ,       
 Earlier in section 3.1, we showed impossibility of existence of stationary bound states of 
fermions with 1   both outside and inside the single event horizon    . At em   , the 
impenetrable barrier of cl  is on the event horizon (see equality (57)).  
 For illustration, Fig.7 presents the characteristic form of potential  FeffU   for the 
extreme RN field. As it is noted in [5], existence of the bound state of the fermion with 
                                                 
3
 Curve  W   is calculated by integration from right to left from 8max 10 

   . 
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1em     is possible in the domain under the event horizon  0,   for like charges of 
the fermion and the RN field source. In this case, the value of   should be higher than the 
minimum of the potential  FeffU   in the domain under consideration.  
 
 
 
 
 
 
 
 
 
 
 
Fig.7. The curve of  FeffU   in the extreme RN field at
1; 1; 0.9; 1; 0.9; 1Q em               . 
5.4 Naked Reissner-Nordström singularity  2 2Q  . Domain of wave functions:
 0,   
 As distinct from sections 5.1, 5.2, the , ,n j l  - non-degenerate discrete energy spectrum 
exists for charged fermions  in the field of RN naked singularity at definite values of physical 
parameters (see section 3.2). The discrete spectrum also exists in case of uncharged fermions.  
 For illustration, two variants of atomic systems were examined in numerical calculations. 
 The first variant: 
 0.025; 2; 0.1 or 0.Q em em           (91) 
 A particle with 0.585 PM M  and charge 13.7e  is the source of the RN field; a particle 
with 0.043 Pm M  and with charge e , or an uncharged particle with 0.043 Pm M  is chosen as 
the fermion. 
 The second variant: 
 0.25; 2; 1 or 0.Q em em          (92) 
 A particle with 5.85 PM M  and charge 137e  is the source of the RN field; a particle 
with 0.043 Pm M  and with charge e , or an uncharged particle with 0.043 Pm M  is chosen as 
the fermion. 
 FeffU 

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 To illustrate the existence of stationary bound states of fermions charged identically to 
the field source of the naked RN singularity at em    (see item 3.2, Table 1), the second 
variant was calculated with 0.1em  . 
 In numerical calculations, equation (70) was integrated from left to right (from min  tо 
max ). The good mathematical convergence of the results is ensured when 
8
min 10
 , 7max 10   
are chosen. As well as in section 5.2, physically acceptable asymptotics (81) - (84) are ensured in 
calculations in the neighborhood of 0   with solution of  equation (82) 1 2 3B  . 
 The energy levels were determined in the calculations at the points where the function 
   
max
max,  
  

   varies stepwise by   , in compliance with (87).  
 Tables 6 - 8 present calculated values of the discrete spectrum  1 n  versus some 
values of quantum numbers , ,n j l  for the said alternate values of , ,Q em   . 
The computational values of  1 n  are determined with an accuracy to the first sign 
after the point. Numerical values in the second signs after the point can vary after special 
calculations performed for convergence of mathematical results. This paper presents discrete 
spectra for qualitative evaluations without carrying out precision calculations. 
Table 6. Numerical values of 1 n  at opposite signs of ,Q e  charges for two alternate values of 
, ,Q em   . 
 1, 1
1 2, 0
n
j l
  
 
 
2, 1
1 2, 0
n
j l
  
 
 
3, 1
1 2, 0
n
j l
  
 
 
2, 1
1 2, 1
n
j l
  
 
 
3, 1
1 2, 1
n
j l
  
 
 0.025; 0.05; 0.1Q em     
 
7.8510-3 1.9710-3 8.7410-4 1.9710-3 8.7310-4 
0.25; 0.5; 1Q em       5.1810-1 1.9810-1 9.5810-2 3.2110-1 1.3510-1 
 
 2, 2
3 2, 1
n
j l
  
 
 
3, 2
3 2, 1
n
j l
  
 
 
3, 2
3 2, 2
n
j l
  
 
 
3, 3
5 2, 2
n
j l
  
 
 
0.025; 0.05; 0.1Q em       1.9610-3 8.7110-4 8.710-4 8.6910-4 
0.25; 0.5; 1Q em       2.2210-1 1.0810-1 1.110-1 9.3110-2 
 
Table 7. Numerical values of 1 n  for uncharged fermions for two alternate values of , Q    
 1, 1
1 2, 0
n
j l
  
 
 
2, 1
1 2, 0
n
j l
  
 
 
3, 1
1 2, 0
n
j l
  
 
 
2, 1
1 2, 1
n
j l
  
 
 
3, 1
1 2, 1
n
j l
  
 
 
0.025; 0.05; 0Q em      3.1110
-4
 7.8110-5 3.4710-5 7.8210-5 3.4710-5 
0.25; 0.5; 0Q em      2.3110
-2
 6.9510-3 3.2410-3 7.8410-3 3.5210-3 
 
 2, 2
3 2, 1
n
j l
  
 
 
3, 2
3 2, 1
n
j l
  
 
 
3, 2
3 2, 2
n
j l
  
 
 
3, 3
5 2, 2
n
j l
  
 
 
0.025; 0.05; 0Q em      7.8110
-5
 3.4710-5 3.4710-5 3.4710-5 
0.25; 0.5; 0Q em      7.5310
-3
 3.4310-3 3.4610-3 3.4210-3 
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Таble 8. Numerical values of 1 n  at like charges of ,Q e . 
 1, 1
1 2, 0
n
j l
  
 
 
2, 1
1 2, 0
n
j l
  
 
 
3, 1
1 2, 0
n
j l
  
 
 
2, 1
1 2, 1
n
j l
  
 
 
3, 1
1 2, 1
n
j l
  
 
 
0.25; 0.5; 0.1Q em      8.3710
-3
 2.4710-3 1.1510-3 2.7410-3 1.2410
-3
 
 
 2, 2
3 2, 1
n
j l
  
 
 
3, 2
3 2, 1
n
j l
  
 
 
3, 2
3 2, 2
n
j l
  
 
 
3, 3
5 2, 2
n
j l
  
 
 
0.25; 0.5; 0.1Q em      2.6810
-3
 1.2210-3 1.2310-3 1.22510-3 
 For illustration, Fig. 8 presents the curves of  max1 ,    for the second variant with 
1   . 
Figures 9, 10 present normalized densities of probability for eigenfunctions of states
 1 21 1, 1, 0, 1 2S n l j      and  1 22 2, 1, 1, 1 2P n l j    . The curves were obtained 
for the two variants of atomic systems examined above. For all the variants, both charged and 
uncharged Dirac particles were considered. The wave functions and probability densities for 
eigenvalues of 
n  were determined by integration of equations (70), (71) from right to left using 
boundary condition (72). In this case, it is seen from Fig.5 that it is impossible to achieve a 
physically acceptable separatrix with asymptotics (81), with solution of equation (82) 1 2 3B   
in numerical calculations in the neighborhood of 0  . In our calculations, asymptotics (81) - 
(84) with 
1 2 3B   were joined with the appropriate functions from numerical calculations at 
2 310 10    . Such a procedure is actually not reflected on the curves of Figs. 9, 10. 
 
 
 
 
 
 
 
 
 
 
 
Fig.8. The relations of  max1 ,    in the calculations with 0.25; 0.5;Q  
7
max1; 1; 10em       . 
0.00
2.00
4.00
6.00
8.00
10.00
0.00 0.10 0.20 0.30 0.40 0.50 0.60
21  11  01 
 max1 ,  
1 
32 
 
In Fig. 8, 
0 1 2, ,    correspond to energies of bound states of 1 2 1 2 1 21 ,2 ,3S S S . For the rest of the 
energies,  max 2
1
1 , ~ arctg
1
k  

  

 in compliance with (73). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 9. Normalized probability density for 
1 2 1 21 ,2S P -states of charged and uncharged 
Dirac particles at 0.025, 0.05Q   . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 10. Normalized probability density for 
1 2 1 21 , 2S P -states of charged and uncharged 
Dirac particles at 0.25, 0.5Q   . 
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 Based on the computed results, let us note the existence of stationary bound states of 
uncharged Dirac particles arising due to gravitational interaction alone. In general, at low values 
of , ,Q em    (the first variant), discrete spectra are similar to spectra of hydrogen-like atoms 
with weak dependence of binding energy of  1 n  оn values of orbital and total angular 
momenta of particles. In the second variant, rather a strong coupling of Dirac particles with the 
field of naked RN singularity is ensured with stable removal of degeneration of energy levels 
with the given value of n  and with   values. 
 In general, the behavior of probability densities is of the same character as that when 
considering atomic system in the Minkowsky space. It can be noticed that for 
1 21S -states, the 
Bohr radius 
2 2
Br me  (in dimensionless units of  
1
B em 

 ) is close to appropriate maxima 
of probability density 
Variant 1: 
max
10; 7.7B w    - Fig. 9; 
Variant 2: 
max
1; 1.18B w    - Fig. 10. 
 The maxima of the probability density are displaced towards larger values of   in all the 
variants for uncharged Dirac particles (purely gravitational interaction). 
 For 
1 22P  - states, the appropriate maxima of probability densities, as compared with 1 21S  
- states, are within the domain of larger values  . 
6. Cosmic censorship 
 The hypothesis of cosmic censorship, proposed in [25], bans existence of singularities, 
not covered with event horizons, in nature. However, it is no complete proof of this hypothesis 
so far. Many of the researchers, along with black holes, consider generation of naked 
singularities, their stability and distinctive featuresin the course of experimental observations 
[26] - [31]. 
 Geodesic incompleteness of naked RN singularity is well known for classical particles. 
Massive test particles, moving geodesically, do not achieve singularity due to the repulsive 
nature of inner regions of the RN metric.  
 It is shown in [6] that static metrics exist with time-like singularities (Schwarzschild and 
Reissner-Nordström metrics are among them), which prove to be completely non-singular when 
considering quantum mechanics of spinless particles. The authors [6] note that Schwarzschild 
and Reissner-Nordström solutions for spinless particles become singular only at negative 0M  . 
In the classical case for 0M  , both the solutions are geodesically complete. In our paper, the 
results were validated [6] as applied to motion of fermions in the field of naked RN singularity. 
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Indeed, the leading singularity of the effective potential 
F
effU  in the neighborhood of singularity 
represents an infinitely large potential barrier (41) 
 
20
3 1
.
8
F
effU   
 
  
 
 
Since the naked RN singularity in quantum mechanics is covered with repulsive barrier (41), the 
presence of this singularity imposes no threat to cosmic censorship. 
7. Degenerate states and particles of dark matter 
 In presence of event horizons ,    , degenerate stationary bound states of fermions in 
the RN field determined by solutions of 
em   , can be candidates for the role of dark 
matter particles. 
 Indeed, let us consider the solution of 
em   , for instance.  If an atomic system 
emerges during generation of a RN collapsar, with bound fermions being near the internal 
neighborhood of the event horizon  , and if the source charge of the RN field in this case is 
compensated by a total charge of bound fermions, then for the outer world, such an atomic 
system interacts with other objects only gravitationally. Due to absence of quantum transitions 
between the states with different   (or ,j l ), such a system neither emits nor absorbs light and 
other types of emission. Such a system can be discovered only through gravitational interaction.    
 The system of bound fermions in the RN field with the energy of 
em    can be 
considered as the second atomic system. In this case, the fermions are, with the overwhelming 
probability, near the external neighborhood   and such an atomic system interacts with other 
external objects only gravitationally, provided the charge of the RN field source is compensated 
by the total charge of bound fermions. As well as in the first case, the atomic system neither 
emits nor absorbs light and other types of emission. It is possible to detect a charge of the RN 
field source in the given atomic system only by “knocking-out” part of fermions from their orbits 
due to external action.  
 Other atomic systems can be candidates for a particle of dark matter, with the energy of 
bound fermions partially with em   , partially with em   . The masses of such 
systems should be selected based on the condition of the best agreement with the Standard 
cosmological model. 
It should be noted that atomic systems were considered as a zero approximation without 
consideration of interaction of bound fermions with each other and within the framework of 
applicability of single-particle quantum mechanics. 
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8. Conclusions 
 The consideration of stationary solutions of the self-conjugate second-order equation with 
the spinor wave function in quantum mechanics of fermion motion in the classical Reissner-
Nordström field resulted in the following: 
1. In presence of two event horizons ,    , there exist regular solutions with energies 
of ,em em         . These solutions represent degenerate stationary bound states of 
charged fermions with square integrable wave functions and with the domains of  ,   ,
 0,  . The wave functions weakly depend on ,j l  and vanish on event horizons. The 
fermions in bound states are near the event horizons, with the overwhelming probability. The 
maxima of probability densities are away from event horizons at the distance of several fractions 
of Compton wave length of fermions.  
2. Absence of stationary bound states of fermions with 1   was proved for the 
extreme RN field with the single event horizon      . 
3. For naked RN singularity  2 2Q  , the analysis of effective potentials and direct 
numerical solutions of the self-conjugate second-order equation at definite values of physical 
parameters showed existence of stationary bound states of charged fermions of the RN field. 
Bound states also exist for electrically uncharged fermions; these states are implemented only 
due to gravitational interaction forces.  
4. Naked RN singularity is separated by infinitely high potential barrier of 2~ 3 8  for 
any quantum mechanical half-spin particle, irrespective of availability and sign of the electrical 
charge. This agrees with the conclusions of [3] with regard to motion of spinless particles. 
Presence of the repulsive barrier, covering the singularity, poses no threat to cosmic censorship.   
Regular stationary solutions are absent for the Dirac equation with the bispinor wave 
function in the Reissner-Nordström field for the following reasons: 
- in presence of event horizons, due to square nonintegrability of wave functions (see also 
[2]); 
- for the extreme RN field in the domain outside the single event horizon because of non- 
fulfillment of one of the conditions of existence of bound states, proved in [3];  
- for the extreme RN field in the domain under the event horizon and for the case of 
naked RN singularity due to existence of two solutions with square integrable wave functions in 
the neighborhood of the origin of coordinates 0   [4]. 
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Electrically neutral atomic systems with the definite number of fermions in degenerate 
bound states with ,em em         can be considered in the standard cosmological 
model as particles of dark matter. Atomic systems of such a type neither absorb nor emit light 
and other kinds of emissions and interact with the environment gravitationally.  
So, our examination shows that use of the second-order equation (30) expands the 
opportunities of obtaining regular solutions of quantum mechanics of half-spin particle motion in 
external gravitational fields. . 
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APPENDIX A 
Self-conjugate second-order equations for spinor wave functions of fermions in 
Schwarzschild and Reissner-Nordström fields 
 Let us introduce dimensionless variables and denotations in Hamiltonian 1 
  1H H V   , where   emV    . (A.1) 
Taking into account (10) and (A.1), equation (5) has the form of 
     1 , , 0.V H          (A.2) 
Let us multiply equation (A.2) on the left by operator   1V H   . Then, 
        1 1 , , 0.V H V H              (A.3) 
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 
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 
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     
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
  
 
    
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         
           
         
  
  
   
 
 1
1
, , 0.
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i    
 
 
      
 (A.4) 
As earlier, in (A.4), the equivalent substitution of matrices (12) was performed, 
0
0
k
k
k


 
   
 
. 
 The Dirac equations for upper and lower bispinor components 
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  
 
 
, ,
, , ,
, ,
i t
U
t e
W


  
  
  

 
   
 
 
 (A.5) 
have the form of  
 
 
 
3 1
2
2
3 1
2
2
1 1 1
ctg
2
1 1
,
sin
1 1 1
ctg
2
1 1
.
sin
R N R N R N
R N
R N R N R N
R N
V f U i f i f
i f W
V f W i f i f
i f U

   
    

  

   
    

  
  

  

    
           
   

 
 
    
           
   

 
 
 (A.6) 
As a result, equation (A.4), taking into account (A.6), can be written for one of the spinors 
 , ,U     or  , ,W    . For the spinor  , ,U     , equation (A.4) has the form of 
 
 
 
2
2
2
2 2
3
2 2 2
2 1
1
1 1 1
ctg
2 sin sin
1 1 1
ctg
2 sin
1
R N R N
R N
R N R N
R N R N R N R
R N
V f f
f
i
d
f f i i
d
d dV
f f f f
d d V f


  
 
      
  
    
  
 

 
  

  
       
 
       
        
        
     
            
 
   
  
 
2
2 1
1
1 1 1 1
ctg , , 0.
2 sin
N
R N R Ni f i f U

  
     
    

 
 
   
  
        
 (A.7) 
Then, the variables can be separated. It follows from representation (10) that 
      , , .imU r F e       (A.8) 
Using Brill-Wheeler equation (11) and its squared representation [16] 
    
2 2
3 2
2 2
1 1 1
ctg ,
2 sin sin
im im
i e e 
 
      
     
       
        
        
 (A.9) 
we can obtain the second-order equation for the radial function  F   
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 
 
   
2 2
2
2 2
2
1 1
1
1 1
0.
R N
R N R N R N R N
R N
R N R N R N
R N
R N R N R N R N
R N
f d
V f f f f
d
fd dV
f f f
d d V f
d dV
f f f f F
d d V f
 
 
     

  


    

   

  

   

    
           
   
 
   
  
    
       
    
 (A.10) 
The third and the last summands in equation (A.10) are not self-conjugate. Let us perform non-
unitary similarity transformation for self-conjugacy of (A.10). 
          1 .F FF g   
     (A.11) 
If we denote in equation (15) that 
       2
11
,
R N
R N
f
A
f
 

 


 
   
 
 
   (A.12) 
     
1
,em R N
R N
B f
f

 



 
   
 
   (A.13) 
     
1
,em R N
R N
C f
f

 



 
    
 
   (A.14) 
      2
11 R N
R N
f
D
f
 

 


 
   
 
 
   (A.15) 
and besides introduce the denotations of 
     
1
,F
dB
A A D
B d


        (A.16) 
     
1
,G
dC
A A D
C d


        (A.17) 
then, the sought transformation is 
       
1
exp .
2
F Fg A d         (A.18) 
As the result, we write equation (A.10) as 
 ˆ 0,MF    
then, the transformed self-conjugate equation has the view of 
 1ˆ 0F F Fg Mg  
       (A.19) 
Equation (A.19) can be written in the form of the Schrödinger-type second-order equation with 
the effective potential  FeffU   
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 
2
2
2 0,FF Schr eff F
d
E U
d



      (A.20) 
where 
 2
1
1 ,
2
SchrE        (A.21) 
  
   
 
22
2
2
1 1 3 1 1 1 1
4 8 4 4
1 1
.
8 2
F
eff
Schr
d B dB dB d
U A D A D
B d B d B d d
A D BC E
   
 
        
 
   
 (A.22) 
The summand 
SchrE  (A.21) in equation (A.20) is separated and simultaneously added to 
(A.22).  This is done, on the one hand, for equation (A.20) to take the form of Schrödinger-type 
equation, on the other hand, to ensure the classical asymptotics of the effective potential at 
  .  
 For the lower spinor  , ,W     with radial function  G  , the appropriate formulas 
have the view 
        1 ,G GG g  
      (A.23) 
        
1
exp ,
2
G Gg A d         (A.24) 
      
2
2
2 0,GG Schr eff G
d
E U
d



      (A.25) 
  
 
 
 
22
2
2
1 1 3 1 1 1
4 8 4 4
1 1
.
8 2
G
eff
Schr
A Dd C dC dC d
U A D
C d C d C d d
A D BC E
   
 
       
 
   
  (A.26) 
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APPENDIX B 
Effective potential of the RN field in Schrödinger-type equation 
 According to (A.12) - (A.15), (A.22), we can obtain 
  
2
2
2 2
3 1 3 1 1
,
8 8 2
R N R N
R N R N
R N R NR N R N
dB f f
f f
B d f ff f
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 
 
 
  
      
                  
 (B.1) 
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,
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   

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 
    
         
      
 (B.2) 
   3 2 2 1 2
1 1 1
,
4 2 2
R N
R N R N
fd
A D
d f f

  

 
 
   
 
 (B.3) 
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1 2
1 1
,
4 2 2
R N R N
R N R N R N R N
A D dB f f
B d f f f f
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 
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 (B.4) 
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2
2
2
1
,
8 2 R N
A D
f


   (B.5) 
  22
1 1
.
2 2
R N
R N
BC f
f
 

    (B.6) 
In (B.1) - (B.6),
2
2
2
1
Q
R Nf

 
    ; 
2
2 3
22 QR N
R N
df
f
d

  


    ; 
22
2 3 4
64 QR N
R N
df
f
d

  


     ; em

 

  , 
2
emd
d
 

 
   , 
2
2 3
2 emd
d
 

 
    . 
The sum of expressions SchrE  and (B.1) - (B.6) leads to the expression for the effective 
potential 
F
effU  (A.22). 
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